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Abstract

In this study, the vibration behavior of a thin, long cylindrical shell reinforced in the
longitudinal direction and containing an elastic filler was analyzed using the variational approach.
The investigation considered axial reinforcement as well as the effect of friction arising at the
contact interface between the shell and the filler. The dependence of the natural vibration period
on the formation of circumferential wave modes was determined while accounting for the
frictional interaction between the shell structure and the elastic core. The obtained results
indicate that the vibration characteristics are practically independent of the material parameters,
since the relationship between the vibration frequency and Poisson’s ratio does not depend on
the value of the elastic modulus.
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Introduction: Cylindrical shells containing different types of fillers are extensively
applied in many areas of mechanical engineering. Their widespread use requires a more
comprehensive analysis of both material properties and structural characteristics in order to
ensure rational design and reliable strength assessment. For an accurate evaluation of the load-
carrying capacity of such structures, it is important to consider the external forces generated by
the filler material. One of the significant effects arises from the contact interaction between the
shell and the elastic medium.

The forces exerted by the filler can be interpreted as surface forces acting along the
interface between the cylindrical shell and the elastic core. This interaction is rather complex and
depends on a number of parameters, including the mechanical properties of the filler material
and the surface characteristics of the shell. Among these factors, frictional forces caused by the
relative interaction between the shell and the filler play a particularly important role.

The mathematical treatment of such problems is associated with considerable difficulties,
especially when dynamic effects must also be taken into account. These effects often appear in
engineering problems related to seismic resistance, vibration analysis, and other technical
applications. Therefore, the development of reliable approximate computational approaches for
such problems becomes highly relevant. One of the effective tools for this purpose is the
variational method employed in this study. This method makes it possible to formulate consistent
approximate principles for the analysis of thin-walled structural elements, including shells and
rods.

It should be noted that most of the solutions available in the scientific literature deal
primarily with reinforced cylindrical shells without internal fillers [1-3]. The vibration behavior
of smooth cylindrical shells containing a filler has been investigated in detail in studies [4-7].
Meanwhile, the vibration characteristics of cylindrical shells reinforced with longitudinal ribs
and interacting with an elastic medium have been considered in works [8—10].

Methods. This paper investigates the free vibration behavior of cylindrical shells
containing an elastic filler and reinforced with discretely arranged longitudinal stiffeners under
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axial compressive loading. Particular attention is given to the frictional interaction occurring at
the contact interface between the shell and the filler material. The influence of the surrounding
medium parameters on the natural vibration frequencies of the system is analyzed.

To address this problem, an energy-based approach is employed. Within this framework,
the potential energy of the cylindrical shell subjected to axial compressive forces can be
expressed as follows [11-12]:
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Here & = £, &= 1, 9=2:x, y,z- coordinates, E_,G. - elasticity and shear moduli of the
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longitudinal ribs material, k — number of longitudinal ribs, o, - axial compressive stresses,
u,v,w - components of the shell displacement vector,s and R — the thickness and radius of the

shell, respectively,E, v - Young's modulus and Poisson's ratio of the shell material, ., / e Lipe

- respectively, the areas and moments of inertia of the cross-section of the longitudinal rod
relative to the axis OX and OZ, and also the moment of inertia during torsion.
The kinetic energy of the shell is:
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Here ;Cz Pe , were Py, 0. - the densities of the shell and longitudinal rod materials,
Po
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respectively, 6 = 71.
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The interaction of the filler with the shell is represented as a surface load applied to the
shell, which performs work on the displacements of the contact surface when transferring the
system from a deformed state to the initial undeformed state.
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were ¢.,4,, 4. - pressure from the filler on the shell, f — coefficient of friction.
The total energy of the system is:

II=2+K+ 4, (4)
The equation of motion of the medium in vector form has the form
[2,3):a’qrad divS —arot rot S+ w*S =0 ,0=5X =L 0=7 =R (5

Were a* =(A+2u)/ p, a’e=ul/p,aa, a,- the propagation speeds of longitudinal
and transverse waves in the filler, respectively; S=S5(S,S,,S.)- displacement vector; A, u -

Lame coefficients. Contact conditions are added to the systems of equations of motion of the
medium (5). It is assumed that the contact between the shell and the filler is rigid, i.e. when

r=R:
u=3S;v=_,, w=S§, (6)
qx:_o-rx’Qy:_O-rH’ qz:_o-rr’W:Sr (7)
Components o, ,0,,, O, - stress tensors are defined as follows [13-15]:
T A o ox Hs or r’ rof’ ®)
o, =2 o, +r£(i)+ L 35, +2u, %,

e o
A, M, - Lame coefficients for the environment.

Supplementing the equations of motion of the filler (5) with contact conditions (6) and (7),
we arrive at a contact problem of vibrations of a cylindrical shell reinforced with cross-rib
systems filled with a medium. In other words, the problem of vibrations of a cylindrical shell
with a filler reinforced with cross-rib systems under axial compression is reduced to the joint
integration of the equations of shell theory and the equations of motion of the filler when the
specified conditions are met on the surface of their contact.

Further, we will consider shells whose edges are hinged. We seek the components of the
displacement vector of such shells in the form:

u= Acoskxcosnpexp(imt,),
9 = Bsin kxsinngexp(iot,), 9)

w=Csinkxcosnpexp(iot,)
Where, A, B, C — unknown constants; & =m7ﬂ (m=12,....), m,n - wave numbers in the

longitudinal and circumferential directions, respectively, L - length of the shell,

2 2 2
0= t—op o= | E w1=\/(1 V) p R0
@, (1-v)p,R E

For equal weights of the reinforced shell and the shell without reinforcement, their natural
frequencies are denoted by @ and @, .
The solutions of system (5) have the form [4, 15]:
a) with small inertial effects from the filler on the process of system oscillations:
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S = - kr% —4(-v )kl (kr) A + kI, (kr)B, cosneg coskx exp(imt,)
r
S, = —ﬁln (kr)B, —%ylr)cs singcoskxexp(iot,)
r r
S = —krl (kr)A, + o, (kr) B + zln (kr)C, cosng sinkx exp(iwyt,)
or r
(10)
b) the inertial effects of the filler on the process of system oscillations are significant:
2
S. = Akl (y,r) —C(fjlln(;/lr) cos ngcos kx exp(imyt,)
r
S, = - A1 ) =S gy = B PO G sin e explioog,)
r ru n or
S = A o, (.r) _ Ck oL (r) +iln (y,r) cosng sinkx exp(iwt,)
or W, or r

(11)

Here I, - modified Bessel function of the nth order of the first kind, 4, B,,C, -
permanent.

Using contact conditions (6), displacements of shells (9), solution of the equation of
motion of the medium (10) and (11), we express the constants 4, B,,C, through 4, B,C. Asa

result, for ¢, g,,q, we find:

q, = ((NTX1 A+ (fozB + (~7x3C)cos ng coskx exp(iwt,)

4, = (501 A+ 5928 + 593C) sinng sinkx exp(imyt,)

q, = (@1 A+ E’sz + 5x3C) cosng sinkx exp(imyt,) (12)

[ocne noxcranosku (12) B (3) u unterpupoBanus no & u 0 mnomydaem mis paGoTsI
pacnpeenaeHHbIX Harpy30K CO CTOPOHBI 3aIIOJTHUTENIS, IPUIOKEHHBIX K 000I0UKe:

A=-R7z|$,C 47 +(S,C., +5,Cp))AB +(S,C., + 5,C, ) AC +

+8,(C,+C,)BC+5,C,, B> +5,C.C> (13)

~ 1 sin2k
Here C - constant, S, =— _sin2ke, .
2 4k

Using (1), (2), (13) for the total energy of the system we obtain a second-order
polynomial with respect to the constant parameters A,B,C:

I=(p, - S2éx1 —yna)) A + (9, _Sléaz — 5,0 )B’ ++(0,3 _Sléﬂ _‘//335912 +1,0,)C* +

(Pas = 8,C,, +8,Cp ) AB + +(Pss — 5,Cs + §,C, ) )AC + S, (95 + Cpy + C,,) BC

Note that the quantities ¢, (i =1,2,........ 0, w,([i=12,... ,6), 1.(i=1,2) have a bulky
appearance, so we do not include them here.

The conditions of the extremum P for the parameters A, B, C reduce the solution of the
problem of vibrations of a shell reinforced by longitudinal systems of ribs filled with a medium

and subjected to longitudinal compression, taking into account friction in contact, to
homogeneous systems of linear algebraic equations of the third order, non-trivial solutions of
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which are possible only if the determinant of this system is equal to zero. Equating the
determinants of the indicated systems to zero, we obtain the following frequency equation:

2(p, - SZéxl - ‘//11(012)14 + (@ + Széxz + Sléel)B +(@ss — Széxs + Slérl)c =0
(P4y +8,Cy +8,Cy)A+2(@y, — §,Cpy — V/zzwf)B + (P + Cps +C,,)C=0

(Pss + Széx3 +5,C.)A+ (@gs + 693 +C,))B + 2y - Slér3 ~yyuo + 1o )C =0 (14)
It is easy to see that in case a) the system of equations (14) is reduced to a cubic equation
with respect to ® w?, otherwise it is transcendental. Since in what follows we will be interested

only in low frequencies of bending vibrations, this equation in case a) can be simplified by
discarding the terms with (Df and (DI6 . B As aresult we get (o =1,):
L L+ 12+ 12,
L2 fSwn s AL s — 05 S (S + fvn)
[1=200=5,Cos for =0 +5,C, +8,Cois fi =055 +8,C, +5,C,;
fi=0+Cp+Co; fo=py—S,Cr+10,

(15)

It is defined in a similar way A, for the occasion b).

Results and analysis. Let us present the results of the study of the influence of the
number of ribs and the rigidity of the fillers on the critical stress of axial compression. The
calculations were performed for the shell, medium and ribs with the following parameters:

E=E =E, =6,67 10°H/m’; v=03; x=1; n=8; h, =139mm; R =160mm;

I
L, =800mm; £, =0,1591 107"; %0,8289; h=0,45mms;
27Rh 2R h

I
F =575mm*; I,=199mm"*; |h|=0,1375 10"R; —_=0,5305 10°°;
x sh c 2

Rh

I, =0,48mm*; f =025

The calculation results are presented in Fig. 1. The dependence of the axial compression
stress is shown here. From Fig. 1 it is evident that with increasing stress the frequency of the
system decreases. In addition, taking into account friction leads to a decrease in the value of the
natural frequency of the structure under study. As noted, the method for determining the optimal
reinforcement parameters is based on a comparison of the minimum vibration frequencies of a
ribbed and smooth cylindrical shell, reinforced by longitudinal rib systems filled with a medium.

The following parameters are considered as variable: relative thickness of the shell
h" = h/R, distances between longitudinal and transverse ribs, related to the thickness of the shell

ratio of the weight of all ribs to the weight of the shell ¢, and the ratio of the weight of the
longitudinal ribs to the weight of the transverse ribs ¢, . It is assumed that the radius and length
of the shell, as well as the characteristics of the shape of the sections of the longitudinal and
transverse ribs are predetermined. Note that for rectangular sections it is necessary to specify the
relations y, and y, heights of longitudinal and annular ribs to their thicknesses, respectively.
The dimensionless characteristics of the ribs included in (1), (2) are expressed through the
specified parameters:
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- - h, n =
7,(1)02 PP, . @< ? ) EL:_?(H /al%ﬂ’c(l)),

1+ o, 1+ ¢,
1-v a 1 =
Ho=— =2 (h) ( (2))2 —=—— 1+ 1+k Va7,
1
@ _ — o a,(h')’ @ _ — o ay,(h)
7751 ysl 73 12 o 7751 }/sl 7/5 12 >
2
W _ — h. o}
= + —_ ,
770 }/c 12 I//I}/c ( ) R ( )Z

With this formulation, the result of the study is pract1cally independent of the
characteristics of the shell material, since (@) , as is known, weakly depend on Poisson's ratio
v, and their attitude & do not depend on the modulus of elasticity £ . It should be noted that in
order to improve the bearing capacity of the shell, it is necessary to find such a combination of
parameters 4, a,, a,, ¢ and ¢, under which u takes on the greatest value.

As an example to illustrate the changes ux Depending on the relative weights of the ribs,

the results of calculations of cylindrical shells filled with a medium reinforced by longitudinally
supported rib systems are presented.

/10* (cHt

5 10 15 20 G, /10" (H/a)

Fig. 1. System frequency dependencies = ®,®, from compressive stresses

4. Conclusions
The results of the study are practically independent of the characteristics of the shell

material, since (@’ ) weakly dependent on Poisson's ratio v, and their attitude x do not

min

depend on the modulus of elasticity £ . It has been established that in order to improve the
bearing capacity of the shell, it is necessary to find such a combination of parameters h, a,, a,,
¢, 1 @, under which u takes on the greatest value.
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