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Abstract

In this article, the problem of deriving a system of linear integro-differential equations
describing small oscillations of curvilinear rods is considered. With a curvature along the axis of
the rod, the viscoelastic properties of the material are described by the Boltzmann-Volterra
hereditary model. Based on kinematic perceptions and stress-strain relationships, the equations
of motion are derived using the Hamilton principle or the virtual work method. The obtained
results show that in special cases (straight rod, pure elastic material) they are reduced to classical
equations.

Keywords: curvilinear rod, vibration, viscoelasticity, hereditary nucleus, integro-differential
equations, Hamilton's principle.

Introduction

Curved rods (such as arch-shaped elements, ring segments, skew frames, etc.) are widely
encountered in engineering structures. In such elements, geometric curvature significantly affects
the distribution of inertial forces and internal forces, thereby altering the vibration spectrum. At
the same time, in materials such as polymers, composites, and rubber—-metal systems,
viscoelastic effects provide energy dissipation and can substantially change the dynamic
response. Therefore, developing governing equations for the vibrations of curved rods based on a
hereditary viscoelastic model is a relevant and important problem.

The objective of this paper is to rigorously derive a system of linear integro-differential
equations for small vibrations of a curved rod while accounting for the viscoelastic behavior of
the material.

The centerline of the rod is parameterized by the arc-length coordinate s: 0 s L. The
curvature of the rod’s axis is k(s) , and its torsion (if considered) may be 7(s). The cross-
sectional area is A4, the second moments of area are /,/, ,the polar moment of inertia is J,

and the density is p.

For small vibrations, the following generalized displacements are introduced (for example,
for planar vibrations):

u=u(s,t) - axial (longitudinal) displacement along the rod axis;
w=w(s,t) - displacement in the normal (radial) direction;

@ = @(s,t) - rotation of the cross-section.
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If the model is of Timoshenko type, the shear deformation of the cross-section is also taken
into account; in the Euler—Bernoulli case, ¢ ~ w, (small angles) is assumed.

Kinematic relations (linearized)
Under small-deformation assumptions, the axial strain is given by &(s,#) =u (s,t) + x(s)w(s,t) ,

90 o0

where ()S:E, and ()t :E

Bending (curvature)
x(s,t) =w_(s,t) +x(s)u (s,t),

in practice, depending on the chosen geometric scheme, the expression for y can be written
more accurately (a full form may be given in curvilinear coordinates).

If the Timoshenko assumption is adopted, the shear angle is:
}/(S,t) = Ws(Sat) —(D(S,f)

Viscoelastic constitutive relation (hereditary model)
Let the material be viscoelastic, and the Boltzmann-Volterra model be adopted:

o(t) = E, e(t) + O’GE (t—17)e(r)dr

where E is the elastic modulus, and G, () —1is the relaxation kernel.

In rod theory, the internal forces are:
Viscoelastic constitutive relation (hereditary model)

Let the material be viscoelastic and described by the Boltzmann-Volterra
Lo =E e+ ;GE (t—17)e(r)dr
el:

mod

where E;— is the elastic modulus and G, () —is the relaxation kernel.
In rod theory, the internal forces are:

Axial force: N(¢t)= odA,

A

Bending moment: M (¢#) = oydA (depends on the cross-sectional axes).
A

In the linear case, this yields:
N(s,t) = EA[ &(s,1) + 0 gy (t—1)e(s,7)d7]
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M(s,0) = Ell x(s,0)+ | g, (t=7) 2(s,7)d7]
where g, and g, are kernel functions (in many cases the same kernel is adopted,
e, gy =g, =8)

If shear deformation is taken into account:

O(s,0) =kGA[y(s,)+ | g,(t—=D)y(s,7)d7]

Energies and variational basis

Kinetic energy:

1 2 2 1 ¢ 2
T—E OPA(% +w; )ds+5 . pl @ ds

If only N and M are considered (axial and bending), the “elastic part” of the potential
energy is:

M, =—
2

1 ¢
0

(Ne+M y)ds
If the shear force Q (Timoshenko) is also included:

I =

e

L
. (Ne+M x+Qy)ds

N | —

Here:

N=EA(s+GQe]), M=EI(y+Gy]), 0=kGA(y+Gy])

Hereditary (viscoelastic) effects in variational formulations usually appear through
convolution terms; in practical computations they are introduced in the form of an “operator”:

t
Gel()=  gt-1)e(r)dr
Hamilton’s principle:

5f(T—H)dz+5W=o

where oW —is the virtual work of external forces.
Derivation of the equations of motion

Let the distributed external loads be p, (s,t) (axial) and p, (s,f) (normal). Then the
equilibrium (dynamic) equations follow from the classical rod balance relations:

1Axial motion

1264

COMPANY: GERMAN INTERNATIONAL JOURNALS

https://ijmri.de/index.php/jmsi




JOURNAL OF
MULTIDISCIPLINARY

ISSN NUMBER: 2751-4390

SCIENCES AND INNOVATIONS IMPACT FACTOR: 9,08

pAu, — 66_N +x(s)0 = p,(s,1)
s

where Q — is the shear force (in the Euler-Bernoulli theory, Q — can be expressed in terms
of M).

2. Normal (bending) motion
pAwW, — P _ k()N = p,,(s,t)
Os
3. Moment balance (if ¢ is an independent variable)
oM
p[r¢tt __+Q =0
Os

Now, if M,N and Q are expressed via hereditary convolution operators, a system of linear
integro-differential equations is obtained. For example, if g, = g,, = g, = g 1s assumed:

N=EA(e¢+GQe]), M=EI(y+Gy]), 0=kGA(y+Gy])

Therefore, for example, the axial equation takes the form:
0
pau, ——(EAGz +QeD) +x (WGAY +QrD)= p, (5.0,

where &=u, +kw, y=w, —o.

Similarly, equations for w and ¢ can be obtained. As a result, we arrive at:

piu, = (EA(s + Glz)) + KKGA(r + Gy = p,.
pAw, — %(kGA(;/ + G[;/])) -kEA(e+QGe])=p,,
pl, 0, - (E1(z+ GLzD) +KGA(y + Gy =0

where y —is defined according to the chosen kinematic scheme (full curved-rod theory).

Boundary and initial conditions

For the vibration problem, the initial conditions are:
u(s,0) =u,(s), u,(s,0) =v,(s)
w(s,0) =w,(s),  w,(s,0) =n&(s)
9(s,0)=9,(s),  ¢,(5,0) = (s)
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The boundary conditions depend on how the rod ends are constrained:
clamped: u =0, w=0, =0

hinged: w=0, M =0 (and an additional axial condition, e.g., N or uuu);
free: N =0, 0=0, M=0

In the viscoelastic case, since N,Qand M and M are given by convolution operators, the
same operators also appear in the boundary conditions.

Special cases and verification

If g(¢) =0 (i.e., there is no viscoelasticity), then

N=FA,, M =EI, Q=kGA,,and we obtain the classical equations of an elastic curved

rod.

If k(s)=0 (a straight rod), the system reduces to the Timoshenko/Euler—Bernoulli
dynamics of a straight rod.

If shear deformation is neglected (Euler-Bernoulli assumption), ¢ = w, and Q can be
expressed algebraically in terms of M ; consequently, the system is simplified for the variables
u and w.

Conclusion

In this paper, a system of linear integro-differential equations describing vibrations of
curved rods based on a hereditary viscoelastic model has been derived. The resulting
mathematical model is determined by the curvature of the rod geometry, the adopted kinematic
assumptions (Euler—Bernoulli or Timoshenko theory), and the relaxation kernel of the material.
The validity of the model is justified by showing that, in special cases (zero curvature or neglect
of hereditary effects), it reduces to the classical equations of elastic dynamics. The obtained
results provide a theoretical basis for analyzing vibrations of curved frames, ring-like elements,
and polymer—composite structures, as well as for evaluating dynamic parameters while
accounting for dissipation effects.
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