JOURNAL OF
MULTIDISCIPLINARY

ISSN NUMBER: 2751-4390

SCIENCES AND INNOVATIONS IMPACT FACTOR: 9,08

EXISTENCE AND UNIQUENESS THEOREMS FOR THE CAUCHY PROBLEM OF
FRACTIONAL DERIVATIVE DIFFUSION EQUATIONS

Badalov Tolib Tohir ugli
Master’s student of Asia International University

Abstract: This study investigates the existence and uniqueness theorems for the Cauchy problem
of fractional derivative diffusion equations. Fractional diffusion equations, involving derivatives
of non-integer order, provide a generalized framework for modeling anomalous diffusion and
memory effects in complex systems. The Cauchy problem is reformulated as an equivalent
integral equation using Caputo or Riemann—Liouville derivatives, enabling the application of
functional analytic methods such as the Banach fixed-point theorem and semigroup theory. The
results guarantee the well-posedness of the problem, ensuring that solutions exist, are unique, and
depend continuously on initial data. These findings are fundamental for both analytical and
numerical investigations of anomalous diffusion phenomena in physics, engineering, and applied
mathematics.
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TEOPEMbI CYHNIECTBOBAHMS U ETAHCTBEHHOCTH JJ151 3AJIAYHA KON
YPABHEHUU JUPDPY3UU C JPOBHBIMU IMTPON3BOJAHBIMU

AHHoTaunusi: B nanHo# paboTe paccMaTpUBAIOTCS TEOPEMBI CYIIECTBOBAHHS M €IHHCTBEHHOCTH
i 3anaun Komm ypaBHeHui nu¢¢dy3uu ¢ ApoOHBIMH NPOU3BOAHBIMU. YPaBHEHUS IPOOHOM
QG dy3un, BKIIOYAIONINE ITPOU3BOJHBIC HEIENIOro MOpSAKa, MPEIOCTaBIAIOT 0000IIEHHYIO
MOJIJIb JJIsl ONIUCaHUs AHOMANIbHOM U dy3un u 3pPeKToB NaMaTu B CIOKHBIX CUCTEMax. 3ajiaua
Komm npuBOOUTCS K OSKBUBAJIEHTHOMY MHTETPAIbHOMY YPAaBHEHHMIO C HCIOJIb30BAHUEM
npousBoaHbIX Kamyro wimm Pumana—JInyBuiis, 4To TO3BOJISIET NPHUMEHSTH (DYHKIMOHAIBHO-
AHAIIUTUYCCKUC METOAbI, TAKHEC KaK TCOpEMA O HCHO)IBI/DKHOI\/JI Touke banaxa n TCOpHA MOJYT'PYIIIL.
[TomydeHHple pe3ynbTaThl O00ECHEYMBAIOT KOPPEKTHOCTh ITOCTAHOBKM 3a/1aud, TapaHTUPYS
CyIICCTBOBAHUEC W CIAMHCTBCHHOCTb PCHICHUSA, a TAKXKC €ro HCHPCPBIBHYIO 3aBHUCHMOCTL OT
HayaJIbHBIX JaHHBIX. DTU pe3yJbTaThl UMEIOT (yHIaMEHTAIbHOE 3HaYCHHE JJIS1 aHATUTUYECKOTO U
YHCIICHHOTO M3Y4YCHHUsI aHOMAIIbHOU M Py3un B puU3NKe, NHKESHEPUH U MIPUKIATHON MaTeMaTHKe.

KualoueBbie ciaoBa: YpaBHeHus apoOHoil nuddysum, 3amaya Komm, npoumssoanas Kamyto,
npou3BoAHas Pumana—JIuyBwiuisi, TeopeMa CyIIECTBOBaHHUS, TeopeMa EIMHCTBEHHOCTH,
aHomanbpHas AU dy3us, 3hPexTsl maMATH, UHTErPaTbHOE ypaBHEHUE, KOPPEKTHOCTh TOCTAaHOBKH.

Fractional derivative diffusion equations represent a generalization of classical diffusion
equations where derivatives of non-integer order are considered, allowing the modeling of
anomalous diffusion and memory effects in complex media. Unlike classical diffusion, which
assumes Gaussian distribution of particle displacements, fractional diffusion equations can capture
subdiffusive or superdiffusive behaviors observed in various physical, chemical, and biological
systems. The Cauchy problem for such equations, which consists of determining a solution from
specified initial conditions, plays a central role in both theoretical analysis and applications. The
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well-posedness of this problem, including the existence and uniqueness of solutions, is
fundamental for validating mathematical models and ensuring meaningful physical interpretations.

The study of fractional derivative diffusion equations typically employs Caputo or
Riemann—Liouville derivatives. The Caputo derivative is particularly convenient for problems
with physically interpretable initial conditions because it allows the use of integer-order initial
values. Consider the fractional diffusion equation in the Caputo sense of order a €(0,1)\alpha \in

(0,1H)ae(0,1):

oau(x,t)oto=Do2u(x,t)ox2+(x,t),x ER, t>0,\frac{\partial™\alpha u(x,t)} {\partial t"alpha} =
D \frac{\partial*2 u(x,t)}{\partial x"2} + f(x,t), \quad x \in \mathbb{R}, \ t >
0,0tadou(x,t) =Dox202u(x,t) +f(x,t),xER, >0,

subject to the initial condition:
u(x,0)=u0(x),x €ER,u(x,0) =u_0(x), \quad x \in \mathbb{R},u(x,0)=u0 (x),xER,

where u(x,t)u(x,t)u(x,t) denotes the unknown function, DDD is the diffusion coefficient, and
f(x,D)f(x,H)f(x,t) is a source term. The Cauchy problem in this context aims to determine
u(x,t)u(x,t)u(x,t) for all xxx and ttt based on u0(x)u_0(x)u0 (x) and f(x,)f(x,H)f(x,t).

Existence and uniqueness theorems for such fractional problems often rely on functional
analysis techniques, such as Banach fixed-point theorem, semigroup theory, and fractional integral
operators. For instance, by reformulating the fractional derivative equation as an equivalent
Volterra integral equation of the second kind, one can apply contraction mapping principles to
establish the existence of a unique solution in an appropriate function space. Letting JaJMalphalJa
denote the Riemann—Liouville fractional integral operator of order a\alphaa, the equation can be
rewritten as:

u(x,t)=u0(x)+ 1T (o) 0t(t—s)a—1[Do2u(x,s)0x2+(x,s)]ds.u(x,t) = u 0(x) +
\frac{1} {\Gamma(\alpha)} \int 0"t (t-s)"*{\alpha-1} \left[ D \frac{\partial*2 u(x,s)} {\partial x"2}
+ f(x,8) \right] ds.u(x,t)=u0  (x)+T(a)] JOt (t—s)o—1[DEx2d2u(x,s) +f(x,s)]ds.

This integral form is particularly advantageous because it transforms the fractional
differential equation into an operator equation for which fixed-point theorems are directly
applicable. Under conditions of boundedness and Lipschitz continuity of the source term
f(x,H)f(x,H)f(x,t) and regularity of uO(x)u 0(x)u0 (x), one can rigorously prove that a unique
solution exists in the Banach space C([0,T];L2(R))C([0,T]; L"2(\mathbb{R}))C([0,T];L2(R)) for a
finite time interval [0,T][0,T][0,T].

The uniqueness of solutions ensures the stability and predictability of the model, which is
critical in applications ranging from heat conduction in heterogeneous materials to pollutant
transport in porous media. In addition, the maximum principle and energy estimates can be
extended to fractional diffusion equations, providing further insights into solution behavior and
constraints. Moreover, numerical methods, such as finite difference schemes with Griinwald—
Letnikov approximations or spectral methods, rely on the underlying existence and uniqueness
results to guarantee convergence and stability.
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The field has also developed generalizations to multi-dimensional domains, variable-order
derivatives, and systems with coupled fractional equations. For multi-dimensional problems, the
Cauchy problem can be formulated as:

oau(x,t)oto=V - (D(x) Vu(x,t))+(x,t),x ERn, t>0,\frac {\partial \alpha
u(\mathbf{x},t)} {\partial t™alpha} = \nabla \cdot (D(\mathbf{x}) \nabla u(\mathbf{x},t)) +
f(\mathbf{x},t), \quad \mathbf{x} \in \mathbb{R}"n, \ t >

0,0tacou(x,t) =V - (D(x)Vu(x,t))+H(x,t),x ERn, t>0,

with initial condition u(x,0)=u0(x)u(\mathbf{x},0) = u_O0(\mathbf{x})u(x,0)=u0 (x). The
existence and uniqueness theorems are then established using Sobolev spaces and fractional
semigroup theory, often requiring stricter regularity conditions on uO(x)u_O(\mathbf{x})u0 (x)
and D(x)D(\mathbf{x})D(x).

Applications of these theorems extend beyond theoretical analysis. For example, in
viscoelastic materials, the stress-strain relationship can be modeled using fractional diffusion
equations, and the uniqueness theorem ensures that the response is deterministically defined for
given initial stress conditions. Similarly, in hydrology and finance, anomalous diffusion models
depend on the rigorous solvability of fractional Cauchy problems for accurate predictions.

The rigorous establishment of existence and uniqueness for the Cauchy problem of fractional
derivative diffusion equations requires precise functional analytic frameworks. One commonly
used approach involves casting the problem in an appropriate Banach or Hilbert space setting. Let
us consider the fractional diffusion equation with Caputo derivative of order 0<a<10 < \alpha <
10<0<1:

otau(x,t)=Doxxu(x,t)+(x,t),x ER, t>0,\partial t™alpha u(x,t) = D \partial {xx} u(x,t) +
f(x,t), \quad x \in \mathbb{R},\ 0, dta u(x,t)=Doxx u(x,t)+(x,t),x ER, >0,

subject to the initial condition
u(x,0)=u0(x),x €R.u(x,0) =u_0(x), \quad x \in \mathbb{R}.u(x,0)=u0 (x),xER.

By applying the fractional integral operator JaJMalphaJa and the properties of Caputo
derivatives, the equation can be reformulated into an equivalent Volterra integral equation:

u(x,t)=u0(x)+ 1T (o) 0t(t—s)a—1[Doxxu(x,s)+H(x,s)]ds.u(x,t) = u 0(x) +
\frac{1} {\Gamma(\alpha)} \int 0"t (t-s)"{\alpha-1} \left[ D \partial {xx} u(x,s) + f(x,s) \right]
dsu(x,t)=u0 (x)+T(a)l JOot (t—s)a—1[Ddxx u(x,s)+f(x,s)]ds.

This transformation is pivotal because the integral form allows the application of fixed-point
theorems. In particular, the Banach fixed-point theorem ensures the existence of a unique solution
under certain Lipschitz continuity conditions on f(x,t)f(x,t)f(x,t) with respect to uuu. Specifically,
if there exists a constant L>0L>0L>0 such that
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I fix,t,u)—f(x,t,u2) [/ <L ful—u2 /[ ,Yul,u2€X,\ f(x,t,u 1) - f(x,t,u 2) \[\leq L \[ u_1 -
u 2 \, \quad \forall u 1, u 2 \in
X, [ fxtul )—fxtu2 )J/<L/ful —u2 [/,Yul ,u2 €X,

for a suitable function space XXX, then a unique solution u€C([0,T];X)u \in C([0,T];
X)u e C([0,T];X) exists. The contraction mapping argument hinges upon defining an operator

Tlu](x,t)=u0(x)+ 1T (a)J0t(t—s)a—1[Ddxxu(x,s)+(x,s,u(x,s))]ds\mathcal {T}ulx,t) = u 0(x)
+ \frac{1} {\Gamma(\alpha)} \int 0"t (t-s)"{\alpha-1} \left[ D \partial {xx} u(x,s) + f(x,s,u(x,s))
\right] dsT[u](x,t)}=u0 (x)+['(a)1 Jot  (t=s)o—1[Doxx u(x,s)H(x,s,u(x,s))]ds

and proving that T\mathcal{T}T is a contraction on a closed, bounded subset of
C([0,TI;X)C([0,T]; X)C([0,T];X).

Another approach involves spectral decomposition. Assuming that uO(x)u_0(x)u0 (x) and
f(x,H)f(x,t)f(x,t) are sufficiently regular, the Laplace transform in time can be applied, yielding:

sou~(x,s)—so—1u0(x)=Doxxu~(x,s)+f~(x,s),sMalpha \tilde {u} (x,s) - s"{\alpha-1} u_0(x) =D
\partial {xx} \tilde{u}(x,s) + \tilde{f}(x,s),sau~(x,s)—so—1u0 (x)=Doxx u~(x,s)+f~ (x,s),

where u~(x,s)\tilde{u}(x,s)u~(x,s) and f~(x,s)\tilde{f}(x,s)f~ (X,s) denote Laplace
transforms with respect to ttt. The transformed equation reduces to a classical elliptic problem in
xxx with parameter sas™alphasa, allowing for solution representation via Green’s functions or
Fourier transforms. Inverting the Laplace transform then provides the solution u(x,t)u(x,t)u(x,t) in
the time domain.

Explicit solution representations for specific cases are also instructive. For instance, for the
homogeneous equation (f=0f \equiv 0f=0) with initial condition uOx)=6(x)u 0(x) =
\delta(x)u0 (x)=0(x), the solution is given by the fundamental solution of the fractional diffusion
equation:

u(x,0)=12t—a/2M( | x | ta/2;a),u(x,t) = \frac {1} {2} t*{-\alpha/2} M
\left( \frac {|x|} {t"{\alpha/2}}; \alpha \right),u(x,t)=21 t—o/2M(ta/2 | x | ;a),

where M(- ;a)M(\cdot;\alpha)M(- ;o) is the M-Wright function, which generalizes the
Gaussian kernel of classical diffusion. This example highlights how fractional derivatives
introduce heavy-tailed, non-Gaussian spreading of the diffusive quantity, capturing subdiffusive
(a<l\alpha < 1a<1) dynamics.

The uniqueness of the solution ensures stability: any two solutions with the same initial
condition must coincide. Formally, if ulu lul and u2u 2u2 satisfy the fractional diffusion
equation with identical initial conditions, then the difference w=ul-u2w = u l -
u 2w=ul -—u2 satisfies

otaw(x,t)=Doxxw(x,t),w(x,0)=0.\partial t™alpha w(x,t) = D \partial {xx} w(x,t), \quad
w(x,0) =0.0ta  w(x,t)=Doxx w(x,t),w(x,0)=0.
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Applying the Laplace transform or energy estimates leads to w(x,t)=0w(x,t) \equiv
Ow(x,t)=0, confirming uniqueness.

The theoretical framework extends naturally to multi-dimensional fractional diffusion
equations:

otau(x,t)=V - (D(x) Vu(x,t))+(x,t),x ERn,t>0,\partial tMalpha u(\mathbf{x},t) = \nabla
\cdot ( D(\mathbf{x}) \nabla u(\mathbf{x},t)) + f(\mathbf{x},t), \quad \mathbf{x} \in
\mathbb{R}"n, t>0,0ta  u(x,t)=V - (D(x) Vu(x,t))+(x,t),x ERn,t>0,

with initial data u(x,0)=u0(x)u(\mathbf{x},0) = u_O(\mathbf{x})u(x,0)=u0 (x). Existence
and uniqueness are typically established in Sobolev spaces Hk(Rn)H"k(\mathbb{R}"n)Hk(Rn),
exploiting properties of elliptic operators and fractional semigroups. Moreover, variable-order

derivatives o=o(t)\alpha = \alpha(t)o=o(t) introduce time-dependent memory effects, and
corresponding existence theorems rely on generalized Gronwall inequalities adapted to fractional
calculus.

In applied contexts, the practical significance of these theorems is evident. Numerical
simulations using Griinwald-Letnikov approximations, finite element methods, or spectral
schemes assume a unique solution exists; convergence analyses are valid only under these
theoretical guarantees. Applications in viscoelastic materials, porous media flow, and anomalous
transport phenomena all benefit from a rigorous understanding of solution existence and
uniqueness.

Conclusion

The study of existence and uniqueness theorems for the Cauchy problem of fractional
derivative diffusion equations demonstrates the rigorous mathematical foundation underlying
anomalous diffusion processes. Fractional derivatives, particularly in the Caputo or Riemann—
Liouville sense, enable modeling of memory effects and subdiffusive or superdiffusive phenomena
that classical diffusion equations cannot capture. By reformulating the problem as an equivalent
integral equation and employing functional analytic tools such as Banach fixed-point theorem and
semigroup theory, one can establish the well-posedness of the problem. Uniqueness ensures
stability and predictability, while existence guarantees that the modeled physical or engineering
systems behave consistently under specified initial conditions. These results form the basis for
both analytical solutions and reliable numerical simulations in various applied fields, including
viscoelastic materials, porous media, and anomalous transport phenomena.
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