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Abstract: We study the spectral properties of Jacobians at fixed points in discrete Lotka--
Volterra maps associated with two types of homogeneous tournaments. We used python scipt to
classify 3--support and compute their spectra when $a_{ki}=\pm 1$. Our results reveal general
eigenvalue patterns, independent of the tournament size, with applications to stability and
structural dynamics of systems.
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Introduction

By the 1920s, A. J. Lotka and V. Volterra, independently of each other, began to publish their
studies in different scientific fields, respectively in autocatalytic reactions and in the evolution of
biological populations, using the same differential equations. In the context of discrete Lotka--
Volterra dynamics, tournaments encode interaction coefficients, allowing us to analyze the
stability of equilibria and the long-term behavior of competitive systems.

Preliminaries

In its general form, a Lotka-Volterra system in dimension /771is a dynamical system, described by
the following system

)=(Xp0e Xm), X=X 1+ agx;
1

We consider a general skew-symmetric matrix of order /m:
A=[ay] suchthat a;=—aj; a;=0

From this condition, it follows that all the diagonal elements of the matrix must be zero and the
matrix takes the following form:

0 dp &3 .. aim
—ap, O &3 . m
—a3 —d&s 0 .. ap
—ayym —&m —daym .. 0

If 4,0 the edge of the tournament is directed from X; to X, else direction is opposite. Let Xq,%
be the vertices of a tournament. The notation X; - X, means that the edge connecting x; and X, is
directed from X; to X,. A finite sequence of vertices X; - X, > - X, is called a path if x#Xx; for

all #£/. A cycle is a closed path, i.e., X,=X;.
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A tournament is called strong if, for any vertices X,/ Y, there exists a path from xto y.

A tournament that contains no cycles is called transitive.

A tournament is called homogeneous if every sub-tournament is either strong or transitive. A
fixed point x satisfies Ux )=x . If x has exactly A nonzero coordinates, it is called a A-support
fixed point. Of special interest are the 3 -support fixed points corresponding to 3 -cycles in the
tournament.

Two tournaments are isomorphic if there is a relabelling of the vertices that preserves the
directed edges. That is, if there exists a bijection (one-to-one mapping) £V -V, between the
vertex sets of two tournaments 7; and 7, such that:

X-yin T, X)-R)Y)in T,

If no such mapping exists, the tournaments are non-isomorphic.

There are 12 non-isomorphic tournaments m=5 and 4 of them are homogeneous. The following
drawing drawings are used to illustrate tournaments. Not all of the arcs have been included in the
drawings; if an arc joining two nodes has not been drawn, then it should be understood that the
arc is oriented from the higher node to the lower node.

le 1 1
20 2e 2
3@ je 3e
1@ 1@ 4@
s} He® T ) Ty 5 Ty

For m=5 both homogeneous ones and non homogeneous ones are studied before. For m=6 in
J.Moon 56 of them separated as non isomorphic. Then we identified 6 of them as homogeneous.
We left numeration as given in J.Moon.

T Tis

T-‘LT

T2 1 T:‘i-.‘i
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We tried to find general pattern for tournaments form of 7; and 7;9 when /m 1is arbitrary.

3 Methodology
Let
n
Sr= {xz(xl,...,xn): x,-=1,x,-20}
=1
be the simplex in 7.
We consider the mapping V£SD _, 1 defined by
n
X=X <1+ ak,-x,-) L k=1....n, ¢))
=1

where ak/:—a,'k,lak,'lgl, and VX:(X;_,...,X',]).
From the form of (1), if X,=0 then automatically x,=0.

Let /={1,....,n} and let & /. Denote by 7, the face of the simplex
n

gri= {x:(xl,...,xn) m x,=1,x,-20}

=1
spanned by the vertices {€;}, 5. The restriction of V/to T, will be denoted by V.

Consider the matrix A, which is obtained from the matrix A by replacing with zero all entries ay;
where (k/) axa. Note that V: T,- T, can also be represented in the form (1), with the matrix A
replaced by A,.

Lemma. Let A:(a,-j) be a skew-symmetric matrix, with |&,]<1. Then

P={x ™1 Ax>0}% , O={x 9L Ax<0}% ,

where inequalities are understood coordinatewise in 7.

Moreover, Pand Q consist of fixed points of the mapping V.

The Jacobian matrix of the map is given by

[0f, of, of, |
0ox, 0x 0Xy,
aof,  of of,

‘(X):det 6X1 6X2 GXm '

of, of, of,,

_aXl 6X2 GXm_
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By solving det|{x)—A/|=0 equation, we get eigenvalues and get Jacobians spectrum.
Theorem[Discrete Hartman-Grobman / Hyperbolicity and spectral modulus] Let £~ "- " be a
C map and let x  ” be a fixed point of FA(x )=x . Let =DF(x ) denote the Jacobian matrix
at x and let a()={/y,...,A,} be its spectrum.

Assume that J/is hyperbolic, i.e. no eigenvalue lies on the complex unit circle:
A o()) |[A#L
Then there exist neighborhoods Uof x and VVof 0 and a homeomorphism
U~V (x)=0,
such that for all x U,
(AX))=J (%)

Consequently the local qualitative dynamics of Fnear x are topologically conjugate to the linear
map ) Jy.

Moreover, the spectral moduli classify the local stability as follows:

1. If |A|<1 for every A o(J), then x is locally asymptotically stable (a local attractor).
2. If |A|>1 for every A o(J), then X is unstable and is a local repeller.
3. If some eigenvalues satisfy |A|<1 and others |A|>1, then x is a saddle (has stable

and unstable manifolds).
4 Main results

Our goal is to find spectrum of Jacobian of fixed points for tournaments in form of T1 when m is
arbitrary.

At first we tried to find when coefficients are 1 to identify the pattern. First we look transitive
tournaments.

For any tournament, the vertices of the simplex are always invariant. That means ey,k=1,/m are
fixed points of maps of the tournaments.
Theorem 1. Let a,;==1. Then its spectrum of Jacobian is

o(Le))={12....2,0,...0}.

m—-k k-1

Proof. In this case coefficients are a,==1. Its skew-symmetric matrix takes form below

0 -1 -1 .. -1

a1 0 -1 . -1

1 1 1 . 0
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1 -1 -1 .. -1
O 2 0 .. O
Ae))=

o o o .. 2

By calculating eigenvalues we can get

o(Xe))={122,..2}.

With same calculations we can find

o(Lep)={12....20,...0}.

m—-k k-1

This result holds true for any tournaments. Map of the transitive tournament does not have any
inner fixed points. That means spectrum of map of transitive tournaments only above.

Conclusion

We have systematically analyzed the spectral properties of Jacobians at 3-support fixed points in
discrete Lotka--Volterra maps associated with homogeneous tournaments when a,~=+1. Our
results demonstrate universal eigenvalue patterns that are independent of tournament size, with
applications to stability analysis and structural dynamical systems. Because of we have seen
these tournaments in the simplex we have one A=1 eigenvalue. For transitive tournaments, the
spectrum at fixed points €, consists of eigenvalues 1 and 1+4y; for various /.
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