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Annotation: In this article, the step-by-step derivation of the fundamental trigonometric
identities is analyzed. Trigonometry is one of the most essential branches of mathematics and has
significant practical applications in fields such as geometry, physics, engineering, and computer
graphics. By examining the relationships among the identities, the geometric meaning of the sine,
cosine, tangent, and cotangent functions, and the fundamental connections between the
trigonometric ratios of an angle, the main formulas are proven. The article also discusses the
derivation of identities using the unit-circle approach, similarity principles, the Pythagorean
theorem, sum and difference formulas, even-odd properties, and trigonometric expressions
involving products and sums. The results of the study provide a deeper understanding of how the
fundamental formulas—widely applied in trigonometric equations, analytic geometry, and the
theory of functions—are derived.
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INTRODUCTION

Trigonometry has long been one of the fundamental branches of mathematics, studying
ratios related to angles, triangles, and circles. Teaching trigonometric functions requires not only
memorizing formulas but also understanding their origins and underlying principles. Identities
are equalities that hold true for all permissible values of their arguments, and they possess both
algebraic and geometric proofs.
This article provides an in-depth analysis of the derivation of trigonometric identities, focusing
on several fundamental components of trigonometric theory. It examines the definitions of the
sine and cosine functions through geometric and analytic approaches, explains the origin of the
Pythagorean identities based on the unit circle, and explores the relationships between the
tangent and cotangent functions as ratios of sine and cosine. The study further discusses the sum
and difference formulas for angles, which play a crucial role in simplifying complex
trigonometric expressions. Additionally, it analyzes the identities that transform sums into
products and products into sums, highlighting their importance in solving trigonometric
equations and in applications across physics, engineering, and harmonic analysis. Altogether,
these topics provide a comprehensive foundation for understanding how trigonometric identities
are formed, why they hold true, and how they can be effectively applied in analytic geometry,
mathematical problem-solving, and advanced function theory.

MAIN PART

The study is based on the following methodological approaches, each providing a distinct
perspective on the derivation of trigonometric identities.
Unit Circle Approach: Trigonometric functions are defined using points on the unit circle,
given by the equation x2+y2=1. Here, the x-coordinate corresponds to the cosine of an angle,



JOURNALOF
MULTIDISCIPLINARY

SCIENCES AND INNOVATIONS
ISSN NUMBER: 2751-4390

IMPACT FACTOR: 9,08

https://ijmri.de/index.php/jmsi COMPANY: GERMAN INTERNATIONAL JOURNALS

295

while the y-coordinate corresponds to its sine. This geometric representation allows for a clear
visualization of how sine, cosine, tangent, and cotangent are interconnected. By considering
rotations along the circle, one can derive fundamental identities and understand the periodic
nature of trigonometric functions. The unit circle approach also provides a solid foundation for
extending definitions to angles beyond 0∘ to 360∘ , including negative angles and angles greater
than one full rotation.
Geometric Proofs: This method employs the Pythagorean theorem, properties of similar
triangles, and basic angle relationships to establish trigonometric identities. Geometric proofs
give a visual and intuitive understanding of why identities hold true, allowing learners to see the
connections between algebraic formulas and the shapes and proportions of triangles and circles.
Algebraic Approach: Trigonometric ratios and identities can also be derived purely
algebraically through manipulation of formulas. This approach involves expressing one function
in terms of others, simplifying expressions, and performing operations such as factoring or
expanding, providing a complementary perspective to the geometric method. Algebraic
derivations are particularly useful in solving complex trigonometric equations and in proving
relationships between multiple identities.
Analytic Approach: The properties of trigonometric functions, including their even-odd nature,
symmetry, and periodicity, are used to derive and verify identities. Analytic methods allow for
the generalization of results to all real numbers and facilitate applications in calculus, signal
processing, and mathematical analysis. By combining geometric intuition with algebraic rigor
and analytic reasoning, the derivation of identities becomes comprehensive and versatile.
On the unit circle, any angle α corresponds to the point M(cosα,sinα). This means that,
regardless of the angle, the coordinates of the point on the circle define the values of the sine and
cosine functions. The cosine represents the horizontal projection (the x-coordinate). The sine
represents the vertical projection (the y-coordinate). From these definitions, the tangent and
cotangent functions are derived as ratios:

These ratios indicate that tangent is the slope of the line connecting the origin to the point on the
unit circle, while cotangent is its reciprocal. This geometric interpretation provides an intuitive
understanding of these functions and their interrelations.
The equation of the unit circle is:

Substituting x=cosα and y=sinα gives the fundamental Pythagorean identity:

This identity expresses that the sum of the squares of sine and cosine of any angle is always
equal to 1. It forms the cornerstone of all trigonometric identities.
From this, the following derived identities for tangent and cotangent are obtained:

Sum and Difference Formulas.
Sine of a Sum. This formula shows that the sine of the sum of two angles is not simply the sum
of their sines. It consists of two parts, each representing the contribution of one angle multiplied
by the cosine of the other. Geometrically, this corresponds to combining two rotations along the
unit circle. This identity is crucial in physics for analyzing combined harmonic motions.
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Cosine of a Sum. The negative sign indicates that the orientation of the rotations matters. Cosine
depends not only on the individual angles but also on their relative positions. This formula is
fundamental in transformations and rotation matrices.

Difference Formulas. The difference formulas follow naturally from the sum formulas by
replacing β with −β and using the even-odd properties of sine and cosine.

Even and Odd Properties. Sine is an odd function, meaning it is symmetric about the origin.
Cosine is an even function, symmetric about the y-axis. These properties are essential for
simplifying expressions and extending the domain of trigonometric functions.

Tangent and cotangent sum formulas. These formulas are derived from the sine and cosine
sum formulas by expressing tangent and cotangent as ratios. They are particularly sensitive to
errors in signs, making precision crucial in their application.

Double angle formulas. Double-angle formulas are special cases of the sum formulas where
both angles are equal. They are widely applied in physics, especially in harmonic motion, and in
simplifying trigonometric expressions.

Alternate forms for cosine are also used for flexibility in computations:

Sum to product formulas. These formulas transform sums and differences of sine and cosine
functions into products of sine and cosine. This conversion is particularly useful in simplifying
trigonometric expressions and solving equations where multiple angles are involved.
Geometrically, these formulas can be interpreted as combining two harmonic oscillations into a
single amplitude-modulated function. In physics, they are applied in wave analysis, including
interference, superposition, and signal processing. In mathematics, they help factor complex
expressions and facilitate integration and differentiation of trigonometric functions. By reducing
sums to products, these identities also make it easier to analyze the behavior of functions over
specific intervals and are essential in Fourier analysis.
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Product to sum formulas. These formulas reverse the sum-to-product transformation,
converting products of sine and cosine functions into sums or differences. This is particularly
useful when integrating products of trigonometric functions in calculus. In physics, these
formulas simplify the analysis of combined harmonic motions, such as in mechanical vibrations
or alternating current circuits. Algebraically, they allow for factorization and decomposition of
expressions, making trigonometric equations more tractable. By understanding both sum-to-
product and product-to-sum transformations, one gains flexibility in manipulating trigonometric
expressions for various mathematical, physical, and engineering applications.

CONCLUSION
The derivation of trigonometric identities often appears complex to students because many

formulas are memorized without fully understanding their logical connections. This article
demonstrates both the geometric and algebraic foundations of all formulas, providing a clear
rationale for why they hold true. Defining identities through the unit circle helps students gain a
deeper understanding of the intrinsic nature of trigonometric functions and how they relate to
angles and coordinates. In particular, the derivation of sum and difference formulas for angles
plays a crucial role in solving trigonometric equations. Similarly, the sum-to-product and
product-to-sum transformations are widely applied in harmonic motion analysis, signal
processing, wave interference in physics, and various engineering calculations. By connecting
formulas to their underlying principles, learners can better grasp both the theory and practical
applications of trigonometric identities.
The topic “Derivation of Fundamental Trigonometric Identities” reveals the internal logic of
trigonometric formulas. The relationships between trigonometric functions are established based
on the unit circle, the Pythagorean theorem, and principles of similarity, and logically proving
these identities helps students develop a much deeper understanding of the subject. These
identities find wide applications across all branches of mathematics—including geometry,
algebra, and analytic geometry—as well as in physics and engineering, providing essential tools
for both theoretical analysis and practical problem-solving.
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