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L. Introduction.

Let we have a simplex of three dimensions

4

4

S* = x=(x,%,x%,x,):x, 0, x=1 R
i=1

and given quadratic operators of Lotka-Volterra type
Viix,=x, 1+ ax ,andV,:x,=x, 1+ b.x k=Lm (1)
i=1 i=1
on this simplex [1].
Definition 1 [I]. (V1 oV, )(x) =V (V2 (x)) or (V2 oV, )(x) =V, (V1 (x)) a complex
operator satisfying the equalities Vl and V2 is called a composition of operators.

Statement 1 [2]. According to (1), the composition of the operators VI and V2 can be expressed
in the form

W=V oV, :x,=x, (1+fk(xl,xz,...,xk_l,xk+l,...,xm)),k =1,m (2)

Definition 2[1]. A point X satisfying the equality W(x) =X is called a fixed point of W the
operator and Fix(W) = {x S™ W(x) = x} is defined as.

Definition 3[3]. A fixed point X is called an attractor if the trajectories of all sufficiently
close points converge to this point. More precisely, if there is £ >0 a sufficiently small number

of such & >0 points, such that the equality %im w* ( y) =X holds for all y points in its
_)

vicinity & , then this point is called an attractor.
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Definition 4 [3]. . If the trajectories of all sufficiently close points diverge from this point, then
X a fixed point is called a repeller. More precisely, if there is a sufficiently small number & >0

such that the relation llcil’l’l w* (y) X holds for all y points around this &€ , then this point is
-

called a repeller.

Undirected, partially directed graphs and tournaments in .S > are given in

Figure 1.
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Figure 1. Partially directed graphs and tournaments in S 3

Definition 5. The following matrix
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ooy
ox, ox,  ox,
J(W)= ox, ox, ox, 3)
ox, Ox, ox,
ox, Ox, ox,

consisting of the particular derivatives of a quadratic operator of Lotka—Volterra type is called
the Jacobi matrix [4].

11. Main results.

Let that we are given the compositions of the Lotka—Volterra quadratic operators and their

compositions corresponding to partially directed graphs (Figure 1) in S 3

X =X (1 Ta,X, +a,3x;+ a14x4) ) X = xl( 1=b,x, = byx; - b14x4) )
X =x2(1—a12x1); X =x2(1+b12x1);
Ve | . , (4
X, :x3(1—a13x1), X, :x3(1+b13x1),
x, =x,(1-a,x); X, =x,(1+b,x).
Partially directed graphs corresponding to these operators are shown in Figure 2.
f {

H H
Figure 2. Partially directed graphs corresponding to operators V, and V,

The composition of these operators looks like this:
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=X, (1 —b,x, —bx; — b14x4)(1 +a,,Xx, (1 + b, X, ) +
+a,,x, (1 +b,x, ) +a,x, (1 + b14x1));
VioV,: x,= xz(l +b12x1)(1 —a,,X, (1 —b,x, —b;x, —b14x4)); (5)
X =x,(1+ b13x1)(1 —a,;x, (1-b,x, —byx, — b14x4));
x, =x,(1+b,x )(1 —a,x, (1=b,x, —byx; — b14x4));

Lemma 1. The following statements hold for the operator V, o V.

i) The vertices of the simplex L, P, H, and D, the points on the edges I',,, I',,,, I',,, and the

fixed points of the composite operator I",,,, are all fixed points;
ii) All vertices of the operator ¥, oV, are attractor points;
iii) The fixed points on the edges of the operator V| oV, are saddle points.

Proof. By the definition of a fixed point, the solutions to equality Jx = x represent the fixed
points of the operator.

x, =x,(1=b,x, —b,x, —b,x, )(1 +a,x, (1+b,x, )+
+a,;%, (14 byyx, )+ a,x, (14 b,x, ) )

X, =X, (1 +b,,x, )(1 —a,X, (1 —b,x, —bx; —b,x, ))
x; = x, (14 b3x, )(1 —a,,x, (1-byx, —byx, —b,x, ));
x, =x, (1+b,x, )(1 —a,x, (1 —b,x, —b;x, —b,x, ))
x +x,+x,+x,=1.

The solution of the system of equations represents the fixed points of the given operator. The
solution of equation (3.1.3) is equal to the vertices of the simplex 1(1;0;0;0), P(O;I;O;O),

H (0;0;1;0), D(0;0;0;1) and

) (blz - 2)\/@ + \/alzblzz +4b, ,(blz + 2)\@ - a12b122 +4b,
{

2b,\ay, 2b,\ay,
\/a13 + \/a13b123 + 4b13 b13 + 2 \/al3 a13b123 +4b,, 0
2 9 ’
2b;4Jay; 2b,; \Jays
1385

https://ijmri.de/index.php/jmsi

COMPANY: GERMAN INTERNATIONAL JOURNALS




JOURNAL OF
MULTIDISCIPLINARY )
ISSN NUMBER: 2751-4390
SCIENCES AND INNOVATIONS IMPACT FACTOR: 9.08

0 (b14 - 2)\/ Ayt a14b124 +4b, -0-0: (b14 + 2)\/ ay — a14b124 +4b,
3 9 Vg Uy
2b, Vi 2b, V4

0,(0;x,5x31—x, —x;).

points, representing the points corresponding to the I' ,, I',,,, I',, edges and I, sides of the
simplex. The elements of the Jacobi matrix of this operator are:

ox

a—xl=(1 —b,x, —bx; —b,x, )(1 +a,x, (1+b,x) + ayx, (14 bx,) + ay,x, (1+b,x, ))+
1

+X (1 - b12x2 - b13x3 - b14x4 )(a12b12x2 + a13b13x3 + a14b14x4);

ox

§= ~-b,x (1 +a,x, (1+b,x ) + ayx, (14 bx, )+ a,x, (1+ b, x, )) +
2

Ta,Xx, (1 —byx, —byyx; —byyx, )(1 +by,x, );

0

% =by,x, (1 —apk (1 —bypX, = b3y —byx, )) —apt, (1 +bpx, )(1 —bpx, —bi3xy —byx, );
1

ox

ﬁ_xz = (1 +by,x, )(1 —dapX (1 —b,x, —bj3x, —b,x, )) +ay,b,x,x, (1 +by,x, );
2

ox

a_xz = ay,b;3x,x, (1 +b,x, );

% = ay,b,x,x, (1 +b,x, );

X4

ox

73 =by;x, (1 — X (1 —b,x, —byx; —byx, )) BEGERE (1 +b;3x, )(1 —b,x, = byx; - b14x4);
1

ox

8_xz = a,;b,x,x, (1 +b3x, );

ox

5_)63 = (1 +by3x, )(1 —apiX (1 —byx, = b3x; —byx, )) +a;3b,5x,x; (1 + b3, );
3

ox

8_); = a,;b,x,x, (1 +b3x, );

Ox

74 = DXy (1 — 4 X (1 —b,x, —byxy —byx, )) — Xy (1 +b,x, )(1 —byx, —byx, - b14x4);
1

% = ay,b,x,x, (1 +b,x );

X
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Z_;: = a,bxx, (1 + b14x1);
%

o = (1 +b,x, )(1 —auX (1 —b,x, =b3x; —b,x, )) +a,b,xx, (1 +b,x, )
4

The elements of the Jacobian matrix for the simplex vertices are given in Table 1 .

Table 1 - Elements of the Jacobian matrix for simplex vertices

I P H D
ox
8_x1 1 (1-b,)(1+a,) | (1-by)(1+a,) (1-b,)(1+a,)
1
ox
a_x; _b12+a12(1+b12) 0 0 0
Oox
a—xl —b13+a13(1+b13) 0 0 0
Oox
a—x: ~b, +a,(1+b,) | 0 0 0
Oox
a_xj 0 b, _a12(1 _blz) 0 0
Oox
a—xj (1+b12)(1—a12) 1 1 1
% 0 0 0 0
Oox;
% 0 0 0 0
ox,
Oox
8_xj 0 0 by —a,(1-b,) |0
% 0 0 0 0
0ox,
Oox
a—xz (1+b13)(1—a13) 1 1 1
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ox;

o, 0 0 0 0

ox,

a_xl 0 0 0 b, _a14(1_b14)

ox,

o, 0 0 0 0

ox,

ox, 0 0 0 0

ox,

ax (1+b,)(1-a,) |1 1 1

Table 2 below lists the eigenvalues of the fixed points I, P, H, and D of the composite operator
VioV,.

Table 2. Eigenvalues of fixed points I, P, H, and D of the composite operator V, o V.

1 P H D
A 1 1 1 1
A, l—a,b,—a,+b, |1 1 1
A l—a b, —a,+b; |1 1 1
A l-a,b,-a,+b, | 1-a,b,+a,-b, | 1-a,;b,+a,-b; | 1-a,b,+a,-b,

According to Table 2, the absolute value of the eigenvalues of the fixed points I, P, H, and D of
the composite operator V, oV, is |/1i| <1,i=1,4 . Therefore, the points I, P, H, and D are
attractor points.

The eigenvalues of a point O, are as follows:

A =L
1

A, =l_m(b13 \/a_ \/b13 ("13b13 +4))(_2b13 +a,b; +3 \/awl% (a13133 +4 )_ 2a, )
1

1 (2 e B4
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.(\/b14 (a14b14 + 4) \Y a14 (a14b12 - a12b14 + a12b14) + a124b12b14 + a12a14b124 - a12a14b12b14 - 2611217121714 )’

1
A =2+m((bl4 _2) Ay + \/1714 (a14b14 +4))'

The eigenvalues of a point O, are as follows:

A =1
1
A, =1- (b13\/a \/b13 a13b13 + 4))( —2b; +ayb; + 3\/“13 13 a13b13 + 4) 2“13)

ab,Ja,,
1

e

(\/b13 a, b + 4 \/ (a13b12 - a12b13 + a12b12 ) + a123b12b13 + a12a13b123 - a12a13b12b13 - 26112blzb13 );

(b13\/a13 —2\a; + \/b13 (a13b13 + 4))(a13b13 —2b; + \/a13b13 (a13b13 +4 ))
4\ayby;

The eigenvalues of a point O, are as follows:

2=t

A =1- 4b14\/7 (b14\/a \/b14 a14b14 +4 )(_2b14 +ayb, + 3\/a14b14 (a14b14 + 4) - 26114);

A, =2+

A =1_4b124 ( Gy +\/b|4 (6114bl4+4))°

2 2 .
'(\/b14 aby, + 4)\/ ay (a14b12 —apb, + a12b14) +ay,b,by, +apay,by, — aa,b,b, —2a,b,b,, ) )

1
,1:2+—(b -2)ya,, +b,(a,b,+4)]
4 4b124 a134 ( 14 ) 14 \/ 14( 14914 ))
'(\/b14 (a14b14 + 4)\/ ay (a14b12 —apb, + a12b14) + a124b12b14 + a12a14b124 —ay,a,b,b, —2a,b,b,, );

the lemma has been proven.

Since the proof of the results resulting from this lemma can be applied to the dynamics of

compositions of quadratic operators of the Lotka—Volterra type corresponding to all .S : partially
oriented graphs and fully oriented tournaments given in Figure 1, we present the remaining
lemmas without proof. Let us first consider the composition of quadratic operators of the Lotka—
Volterra type corresponding to fully oriented tournaments and unoriented graphs. Suppose that
the following operators are given:

D)
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I I
1) 5)
D PD o
H H

Figure 3. Fully directed tournament and undirected graph

X=X (1 T Xy T A3y T Ay ); X, =X
1): X, =, (1+ apy, —ayx; —a,x, ); 5): Xy = %55 7)

X, =X, (1 +a,,X, + ayX, —ay,x, ); Xy = X35

X, =X, (14 a,x, + ayx, +a,x, ); Xy =Xy

The composition of these operators looks like this:

X =X (1 T ApXy T ApzXy T A Xy );

| ®)

X, =X, (1 T apX) —AyXy —ayX, )
X = (1 ax, + agx, —agx, )

1)e5):
X, =X, (1 + X, F Ay X, + a3 );
Lemma 2. The following statements hold for the 1) o 5) operators:

1) there are no fixed points other than the simplex vertices /, P, H, and D;

ii) the 1) o 5) operator [ vertice is a repeller, the vertices P and H are saddles, and the vertice D

1S an attractor;

1)

H H

Figure 4. 4 fully directed tournament and a graph with one edge directed.
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X =X (1 T ApXy T ApzXy T A Xy )3
Xy =X, (1 +a,X, — Ay Xy —ayX, );

X =0 (1 ax + 4y, —ag,x, );

x, =X, (14 a,x, + a,x, + a,x, );
The composition of these operators looks like this:
X =X (1 + b12x2 )(1 —dapX, (1 - blle )_ A3X3 — AyXy );

Xy =X, (1 —byx, )(1 T a,x, (1 +by,x, ) U3 Xy — Ay Xy )

1)06): (o)

X, =x3(1+0t13x1 (1+b12x2)+a23x2 (l—blzx a,,X, ),
X, =X, (14 a,x, (14 b,x, )+ ayx, (1= byx, )+ as,x; );
Lemma 3. The following statements hold for the 1) o 6) operators:

i) there are fixed points on [’ ,p €dges in addition to the simplex vertices /, P, H, and D;

ii) the vertices /, P and H of the 1) o 6) operators are saddles and the vertex D is an attractor

point;
iii) the fixed point of the 1) o 6) operator on I';, edges is a saddle point.

1 1

1) 7)

H H
Figure 5. 4 fully directed tournament and a graph with two edges directed
=4 (1 T Xy Tty T Ay ); X, =X (1 +b,x, +b,x, );
X, =X, (1 —-b,x, );

X3 = X3 (1 +a;X +ayX, —ayX, ); Xy = X35

Xy =X (1 T a)X) = Ay Xy —AyX, );

Xy =Xy (1+a14x1 T Ay X, t a3y ); Xy =Xy (1—b14x1).

The composition of these operators looks like this:
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X =X (1 +byx, +b,x, )(1 —apX, (1 —byx, ) T a3X; T Ay Xy (1 —byx, ))9

x, =x,(1-b,x, )(1 +ay,x, (14 b,x, +b,x, ) — 4y, — a,,x, (1-b,x,) )

1)07):

X, =X, (1 +a,,x, (1 +b,X, +byx, ) + ayx, (1 - blle) a34x4 1 bx, )

x, =x,(1-b,x, )(1 +ay,x, (14 b,x, +b,x, ) + ayx, (1-b,x, ) + a34x3)
Lemma 4. The following statements hold for the operator 1) o 7) :

i) In addition to the simplex vertices I, P, H, and D, there are fixed points on edges I, and I, ;
i1) The vertices I, P, and H of the operator 1) o 7) are saddles and the end D is an attractor point;

1i1) The fixed points of the operator 122 on edges 45 and 56 are saddles.
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