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Abstract:This article investigates a mixed boundary value problem for the fractional-order wave
propagation equation. Differential equations involving fractional derivatives provide a more
accurate description of complex dynamic processes compared to classical wave equations. The
mathematical model of the fractional-order wave equation is presented and its physical
interpretation is discussed. Based on the given initial and boundary conditions, the existence and
uniqueness of the solution to the mixed problem are analyzed. Analytical and numerical solution
methods are compared and discussed, and several examples are provided to verify the obtained
results. The findings of the study contribute to a deeper understanding of physical processes
governed by fractional differential equations and offer a theoretical foundation for their practical
modeling. This problem was solved using Fourier's method, one of the most common methods in
mathematical physics.

Keywords: Fractional derivative and integral, mixed problem, Fourier method, fractional
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INTRODUCTION

The study of the symmetry properties of differential equations containing fractional derivatives
is currently an urgent problem in connection with the increasingly widespread use of such
equations as mathematical models of various processes with anomalous kinetics. In addition,
unlike the classical integral derivative, there are many non-uniform definitions of fractional
derivatives [1,2,3,4], which leads to a variety of fractional-order differential equations, which are
close in form but significantly different in properties. The use of fractional derivatives of a
function with respect to a function, in general, allows us to expand the class of possible
substitutions of variables, considering them as a new type of equivalence transformations. Many
mathematicians have been engaged in scientific work with fractional-order partial differential
equations. This area has appeared since the beginning of the 18th century, and was introduced by
J. Fourier, J. Liuwul, B. Riemann at that time. Fractional partial differential equations are widely
used in physics, biology, medicine, economics and finance, computer science, and artificial
intelligence.

The main part. Let us consider the problem of finding a function ( , t )u x in the domain D,

{ }2( , ) , 0 ,0D x t R x l t T= О < < < <
2( , ) ( , ) ( ), 0 ,0t xxD u x t a u x t f x x l t Ta - = < < < < (1)
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That satisfies the equation

( , 0) ( ) ( , 0) ( ) 0tu x x u x x x lj y= = Ј Ј (2)

and the initial and
(0, ) 0, ( , ) 0u t u l t= = (3)

boundary conditions. Here ( ), ( ), ( )x x f xj y are given functions, a is constant,1 2a< < .

Theorem. Let us consider, 2( ), ( ) 0,x x C lj y й щО к ъл ы and has a second-order piecewise-continuous

derivative,and let (0) ( ) 0, ''(0) ''( ) 0l lj j j j= = = = and

(0) ( ) 0, ''(0) ''( ) 0l ly y y y= = = = .Then,there are ( , )u x t unique solution to (1)-(3) mixed

problem and it will be as follows:
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METHODS
Proof. To prove the theorem, we will use one of the common methods for solving partial
differential equations, namely the separation of variables, or the Fourier method. We look for
the solution to problems(1)-(3) in the following form,where ( , )v x t is the solution to problem

2( , ) ( , ) 0 0t xxD v x t a v x t t Ta - = < < (5)

( , 0) ( ) ( , 0) ( ) 0tv x x v x x x lj y+ = + = Ј Ј (6)

(0, ) 0 ( , ) 0 0v t v l t t T= = Ј Ј (7)

And ( , )w x t is the solution to problem
2( , ) ( , ) ( )t xxD w x t a w x t f xa - = (8)

( , 0) 0 ( , 0) 0 0tw x w x x l+ = + = Ј Ј (9)

(0, ) 0 ( , ) 0 0w t w l t t T= = Ј Ј (10)

To solve problems (1)-(3), it is sufficient to solve the two auxiliary problems above. In this case,
we solve problems (1)-(3) separately for the two cases: homogeneous and non-homogeneous.

Thus, the formal solution to problem (5)-(7) is as follows:
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Now let's look at the non-homogeneous case. We also use the Fourier method to solve problems
(8)-(10),that is, we look for the solution in the form

1
( , ) ( ) sinn

n

nw x t T t x
l
pҐ

=
= е

and we obtain the following solution.
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Now we show that this series converges uniformly. To do this,we define the partial sum of the
series (11) as
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From the estimate of the Mittag-Lefler function
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The linear convergence of the series (11) follows.The smooth convergence of ( , )xxw x t follows
from the value in
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and the property of
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Therefore, from the above considerations, it follows that function (11) is a solution to
problem (8) – (10). Generalizing these solutions, we obtain the following solution for problems
(1) – (3):
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The theorem is proved.

RESULTS.
The following results were obtained in solving this mixed problem:

Theorem. Suppose, 2( ), ( ) 0,x x C lj y й щО к ъл ы and has a second-order piecewise-continuous

derivative,let (0) ( ) 0, ''(0) ''( ) 0l lj j j j= = = = and (0) ( ) 0, ''(0) ''( ) 0l ly y y y= = = =
be. Then the mixed problem (1)-(3) has a unique solution and looks like this:
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