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Abstract. As a result of extensive scientific research conducted on a global scale, the
numerical solution of exact integrals in the problems of solar physics, modeling of synthesized
holograms, mechanics of liquids and gases with high accuracy leads to the construction of
optimal quadrature formulas. Usually, the use of simple interpolation quadrature formulas in
solving such problems requires a large amount of computational work. The effectiveness of
quadrature formulas is characterized by their degree of accracy and order of accuracy. In this
work, the derivative optimal quadrature formula is constructed using the first and second order
derivatives of the function at the nodes in the real-valued Sobolev space of the differentiable
functions.

Keywords. Sobolev space, quadrature formulas, extremal function, norm of the error
functional, optimal coefficients.

INTRODUCTION

Numerical analysis is a branch of mathematics and mechanics that deals with the
development of effective methods for obtaining numerical solutions to complex problems. Due
to the development of computing technology, numerical problem solving is developing.
Currently, the construction of derivative optimal quadrature formulas is developing rapidly. They
are used to approximate definite integrals to finite sums. The effetiveness of quadrature formulas
is characterized by their degree of accuracy and order of accuracy. Such formulas can be
obtained using variational principles. Construction of optimal quadrature formulas in classes of
differentiable functions is one of the current problems of computational mathematics. The
problem of optimization of quadrature formulas using the variational approach involves
minimizing the norm of the error functional in the given space of functions [1,2]. Among the
quadrature formulas of the following form

1 N «a

p(x)dx= K, p"(x,)

0 £=0j=0

S.A.Michelli [3] in Wz(m) space m it is shown that it is the best formula when there are odd
natural numbers, A.A.Jensikbayev [4] showed that the Euler-Maklauren formula is optimal in
L(zm)((),l) space, Kh.M. Shadimetov [5] at work for & =0 optimal quadrature formula is

constructed in L(Zm) (0,1) space and error functional norm calculated. In the work of B. Bojanov,
P. Petrov [6] degree all algebraic to polynomials accurate has been the following Gaussian type
formula is studied
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V.I1.Danchenko, L.A.Semin [7] Chebyshev-Markov multiplication from zeros used without
complicated rational of functions integrals for quadrature formulas constructed and of them

rational of functions L, norms count for used. In the work of W.F.Ford [8] singular integrals

approx count for derivative quadrature formulas received and of the Riemann Zeta function
derivatives count for efficient algorithm given. In this work, the following derivative quadrature
formula is constructed

1

b= AR+ @O -0+ Al A

0 B=0 B=0
(D

with error functional

I v(x) = 801]()6) Co[ Bl (x- ﬂ])+—(5(X) 0 (x— 1))— G[BP (x-18])

=0
()
where &,,,(X) - is the characteristic function of the interval [0,1], &(x) - Dirac's delta

function, C,[S], B = 0, N unknown coefficients of the formula (1), [B]=4f, h = %, N -

natural number, @ L (0,1) . In space L (0,1) of the function norm as below determined
I

2

1 m 2
_ 4

(m)y —
L o dx"

o

Error functional | (x) defined in the L)"(0,1) conjunction space, it satisfies the

following conditions [1]

(Iy,x)=0, a=0,12,...m-1 (3)

from the definition of the norm of a functional

R [(Ly-9)|
PERN (B o] oo | 2270,

We have the Cauchy-Schwarz inequality
[ y>@| Pol L(O,HP P | L7 (0,1)P

It can be seen from this inequality that the error of the quadrature formula (1) is from above
| ,(x) is evaluated by the norm of the error functional. We minimize the norm of the error

function only by the coefficients when the nodes are fixed.

139 | Volume 5, issue 06, 2026



INTERNATIONAL JOURNAL OF POLITICAL
SCIENCES AND ECONOMICS ISSN

Impact Factor( research bib ) - 9,78 2751-9708
i—l—‘it——-——“ LIl (i__”..‘.\__.._ h RL |l yse , German international journ als co mpany
|L('")* 1anI oL
4)

that satisfy relation (4) C,[ ] are called optimal coefficients. Corresponding to it | , (x)
is called the optimal error functional and | ,,(x) is determined [9-11].

Theorem. L(zm)(O,l) in Sobolev space for m 3 the coefficients of the optimal quadrature
formula in the form (1) are follows

m— N _
Glo]=r""a B=% poon,

o 1-g,
ClA1= hs’i a,(qf +q)"), B=1LN-1

i
here a,,
s g o
k=13 “ i (1t( kl)?ﬂ SN (a ) (ff;) n 3) =1,m-3.
PRELIMINARIES

In this section, we present certain definitions and formulas that will be needed in our proof
of the main results obtained. Suppose that ¢ and y are functions of real variables and are

defined in Y space.

Definition 1. Function @[] is called function of discrete argument, if it is given on some
set of integer values of f [1,2].

Definition 2. Inner product of two discrete @[ ] and w[ ] functions are

[o.w]= olB] wip]

Definition 3. @[] and w[f] the convolution of functions with discrete arguments is
defined as follows

oBI*vIBl=  oly] v((B1-[7]).

r==

We use the following equations derived from the sum formula of geometric progression [12]
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7=0 l-qg= 1-¢g l-gizo 1-¢q

where Ai]/k is the finite difference of order i of j/k, q 1is ratio of a geometric progression,
k

g<1, NO' = ()7'C'1*, A% = CrPA"0"x*.

=1 p=0
In calculating some sums [13]

B-1 k+1 k'B

k+1-j j

y=0 =t Jlk+1=j)!

where B, o are Bernoulli numbers.
PROOF OF THEOREM

For proof of Theorem, we need to solve the following problems in sequence:

e find an overview of the norm of the error functional;

e obtain a system of equations of the Wiener-Hopf type;

¢ find optimal coefficients by solving a system of equations.

We use the concept of an extremal function to find a general representation of the norm of

the error functional. In Ly (0,1) space, of the error functional | ,(x) and the extremal
function U, (x) have the forms [1]

Ui () =D () * G, (x) + P, (%),

| X |2m—1

where G, (X) = ————,
2 2m-1)!

> (x) is aalgebraic polynomial degree of (m —1).
We find the minimum of the error functional |  (x) by C,[f], f=0,1,..., N coefficients

under conditions [3]. For this, using the method of Lagrange unknown multipliers to find the
conditional extremum of multivariable functions, we get the following system of equations

GG A1)+ A= EIBL f=0N
(7)

' Clr]irr” =" a,B“” ’hm, : o =0,m—3

=0 j=l ]!(0(+3—])!

(8)
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(7)-(8) are system of discrete equations of the Wiener-Hopf type. This system has a unique

solution, and this solution gives a minimum value to Pl N P (the square of the norm of the

error function) [5]. To solve this system, we use the approach based on the d*"7 /dx*"™
discrete analogue of the D ,[ /] differential operator [14]. We rewrite the equation (7) in the

form of a convolution, taking C,[]=0 for f<0 and > N
G,LA1*C A1+ P, LP1=F,[Fl, F=01..N
(10)

and following substitution
VB1=G,LIB1*CLAL  ul B1=VIf]+F, 5[ F]

C,[B] coefficients can be found by applying D, ,[ ] discrete analogues to both sides of
the equation (10)

Cp1=hD, [ B1*ul F].
(11)

To calculate the convolution of (11), we need to find the representation of the function
u[ B] for all integer values of [3.

P <0

m=3 [ﬂ]Zm—S—i (_l)l i i!Bi+37jhi+3_j ~ 2m—5 [ﬂ]2m—5—i (_1)1 N
0 22m=5—i) il 0 1 +3—= ) w2 22m—5—0)! i1,

v B]= Gy,
(12)

p>N
I V) i GOV - PO Sl V) i G
0 2Cm=5=Dil 0 i +3= ) w2 22m=5—=0)i!,=

VSl ClyIlyT

(13)

We find C,[f] optimal coefficients when f=1,2,...,N —1 using the exact form of

functions with discrete arguments D ,[/f] and u[f] . We introduce the following
designations
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_(Cm-35)'1- qk)z”’_3
¢ h2m76qu2m—5 (@)
(14)
b — 2m-5)!1- qk)z'"_3
‘ h2M76QkE2m—5 (Qk) =l

4 (Rou s[=71+ O, s[-71- F,[-7]),

4 Ry, s (1 + [7]) +0, 4 (1 + [7])_Fm (1 + [7/]) .

(15)
ClA], p=L2,..,N —1 coefficients of the optimal quadrature formula of the form (1)

for m 3 in Ly (0,1) space are as follows

Cl[ﬂ]:h3 (akaﬁ +bkql€v_ﬂ)9 ﬂzlaza“-aN_l
k_

=1

where a,,b, are determined by (14)-(15).

Therefore, C,[f] B =1, N —1 optimal coefficients depend on a, and b, unknowns, and

2m — 6 equations are needed to determine them. First, we find the expression of coefficients

C,[0] and C,[N] from equation (8)

N—

Glol=  CGlAIAl-  ClA]

B=1 B=1

N—

N-—

CIN]=- CLAIA.

B=
We calculate the following sum from (8)

a

[ﬂ]Zm—S ~ 2m-5 [ﬂ]Zm—S—i hi+3 m=3 . qk i 1

S=——-C|[0] — . A0’
(2m—5)! 0 Cm-=5-0)1i! 1o "gq,~lao q,-1
m-3 N ¢ w3 msio N i IR . p
L I e A 4 L] ( .1). e
k=1 1-¢g, a0 1—gq, w0 22m—=5-0)i! ;5 jI(i+3-))!
(16)

e BTN Y

s 2@m =51, T

Substituting the expression (16) into (9), we equate the corresponding degrees of [ /]
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m-3 N _
CI[O] — h3 aqu kak

b

= =gy
(17)
m=3 a N+i i+1
aqu + bqu (_ 1) Ai Oa — Bot+3
ket it (g, -D™ (a+1)(a+2)a+3)

(13)
So, we solved this system of discrete equations (18) and got a system of m — 3 equations to
find the unknowns a, and b, . For @ =0 in equation (8) using (16) and (17) we find C, [N ]
m3 aq’—b
CI[N] — h3 qu qu .
k=1 1-g,

We write the remainder of (8)

"o [ 81181 « @B HT Lm—3 (19)
= , a=l1lm-—>,
po 2 Jia+3-))!

using (5) and (6) for the left side of (19), we get the following equality

N m=2 « i N+1 _1 i+1 '
cLppy =n" " Gl b I i
p=0 k=1 i=0 (I1-4,)

a a !ht+3 m-3 a akqli\’+i + (_1)i+1
=0 tHa—=0)ia im0 (I- c]k)lJrl

e ATQf + C[N]. (20)

Substituting (20) into C|[ N] we equate the corresponding degreess of /1

m=3 a aqufV-H. + (_11):;1 ka Ai 00( — m=3 a akqll{ + (_ 1)i+i1+1kq]iv+1 Ai 00( ,a — l,m _ 3
k=1 i=0 (1 - qk) k=1i=0 (1 - Qk)
(21)
m=3 j N+i R a! o B.
a4, *+( 11)_” LY - L2 j=lLa-lLa=1lm-3
k=1 i=0 (1-g,) (J+DU+2)(+3)

(22)

From (18), (21) and (22) we get the following new system of equations for @, and b,
unknowns

m-3 a N+i 1)+l )
aka + ( 1?+1 qu Az Oa — (_1)a+1 Ba+3 _ O, o= l,m _ 3
k=1 i=0 d-qg,) (a+D(a+2)(a+3)
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Taking into account that B, , ., = 0, subtracting (22) from (18) gives a, = b, .
NUMERICAL RESULTS

We numerically analyze the analytical results obtained in this section and compare them
with other works. In L9 (0,1) Sobolev space using functions @(x)=cos2x +2e>* and

f(x)=In(2+3x) _%e—Zx , when N =10;50;100;150 , we analyze the quadrature formula’s

error (Error 1) constructed in work [15] and the quadrature formula’s error (Error 2)
constructed in this work in the tables below.

TABLE 1. Error between the exact and numerical solution of ¢(x)

N Exact solution Error 1 Error 2

10 3.14569871 1.7523*108 1.04567*108

50 3.14569871 2.23567*%101° 2.45871*1012
100 3.14569871 1.45792*10712 1.56217*10°13
150 3.14569871 1.75632*1013 2.54212%1014

TABLE 2. Error between the exact and numerical solution of f'(x)

N Exact solution Error 1 Error 2

10 -0.36412545 4.57812*108 1.45361*1078
50 -0.36412545 3.86957*10!! 2.78957*1012
100 -0.36412545 4.27852*%1012 1.78771*10°13
150 -0.36412545 2.36364*10°13 6.25657*10714

It is known that finding an analytical solution of integral equations is quite complicated. If
the kernel of the integral equation consists of complex functions, solving the integral equation
analytically requires a lot of work. In Table 3, the numerical solution of the Fredholm integral
equation of the second kind error is analyzed using Simpson formula (Error Simp) and optimal
quadrature formula (Error OQF) with N =6 nodes.

1
u(x)=e*+2 e"u(t)dt
0

TABLE 3. Numerical solution of integral equation

N Exact solution

Error Simp

Error OQF

-0.1855612526

1.485665 *10°°

1.332376 *10°°
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1/6 -0.2192147180 1.754528 *10°° 1.584508 *10¢

173 -0.2589715897 1.074037 *10°° 1.861457 *10°°

1/2 -0.3059387842 1.454573 *10°° 1.202478 *10¢

2/3 -0.3614239684 1.904037 *10°° 1.607452 *10°

5/6 -0.4269719685 1.424573 *10°° 1.072541 *10°¢

1 -0.5044077809 1.044531 *10° 1.452323 *10°°
CONCLUSION

In this research work, we have constructed derivative optimal quadrature formulas with
derivative for the approximation of definite integrals and the numerical solution of integral
equations. Using the extremal function, we obtained an overview of the norm of the error
function. Since the error function is a multivariate function, we found its extremum under certain
conditions. By solving the system of equations, we found the analytical representation of the
coefficients. We numerically analyzed that the obtained results are more effective than classical
formulas.

REFERENCES

1.Sobolev, S.L.: Introduction to theory and cubatur formulas. M.: Nauka, (1974)

2.Sobolev, S.L.,Vaskevich, V.L: The theory of cubature formulas. Springer, Dordrecht, (1996)
3.Micchelli, C.A.: Best quadrature formulas at equally spaced nodes. Journal. Math. Anal. Appl.
47, pp. 232-249, (1974)

4.Zhensikbayev, A.: Monoslines of the minimum norm and the best quadrature formulas.
Russian Mathematical Surveys, 36(4), pp. 121-180, (1981)

5.Shadimetov, Kh.M.: Optimal quadrature formulas in LY (Q) and Ly (R), Reports of the

Academy of Sciences of the Republic of Uzbekistan, 3(2), pp. 5-8, (1983)

6.Bojanov, B., Petrov, P.: Uniqueness of the Gaussian interval quadrature formula. Numer.
Math., 95(7), pp. 53—-62, (2003)

7.Danchenko, V.I., Semin, L.A.: Sharp quadrature formulas and inequalities between various
metrics for rational functions. Siberian mathematical journal, 57(2), pp. 218-229, (2016)

8.Ford, W.F., Xu, Y., Zhao, Y.: Derivative corrections for quadrature formulas. Advances in
Computational Mathematics, 6, pp. 139-157, (1996)

9.Nuraliev, F.A., Kuziev, Sh.S.: The coefficients of an optimal quadrature formula in the space
of differentiable functions. Uzbek mathematical journal, 67(2), pp. 124-134, (2023)

10. Shadimetov, Kh. M., Nuraliev F.A., Kuziev, Sh.S.: Coefficients and errors of the optimal
quadrature formula of the Hermite type. AIP Conference Proceedings, 3147(1), pp. 1-13, (2024)
11.Shadimetov, Kh.M., Nuraliev, F.A., Kuziev, Sh.S.: Numerical solution Fredholm integral
equation of the second kind by the optimal quadrature method. Filomat, 39(22), pp. 11653—
11667, (2025)

12.Hemming, R.V.: Numerical methods. Moscow, Nauka, (1968)

13.Gelfond, A.O.: Calculus of finite differences. Moscow, Nauka, (1967)

146 | Volume 5, issue 06, 2026




INTERNATIONAL JOURNAL OF POLITICAL
SCIENCES AND ECONOMICS
Impact Factor ( research bib ) - 9,78

https://ijmri.de/index.php/ijpse , German international journals company
J UL =2 } y

ISSN
2751-9708

2m

14.Shadimetov, Kh.M.: The discrete analogue of operator d’" \dx*" and its properties.

Comput. and Appl. Mathematic., 79, pp. 22-35, (2010)

15.Nuraliev F.A., Kuziev, Sh.S., Rasulov, R., Mahkamova, D.,: Solving definite integrals using
numerical method. AIP Conference Proceedings, 3377(1), pp. 1-9, (2025).

16. Hayotov A.R., Rasulov R.G. The order of convergence of an optimal quadrature formula
with derivative. // Filomat. — 2020. — Vol. 34(11). — P. 3835-3844.

17. Hayotov A., Rasulov R. Improvement of the accuracy for the Euler—Maclaurin quadrature
formulas. // AIP Conference Proceedings. — 2021. — Vol. 2365. — Art. 020035.

18. Rasulov R., Mahkamova D. The norm of the error functional for the Euler—Maclaurin type
quadrature formulas. // AIP Conference Proceedings. —2024. — Vol. 3004.

147 | Volume 5, issue 06, 2026



	INTRODUCTION
	PRELIMINARIES
	PROOF OF THEOREM
	NUMERICAL RESULTS
	CONCLUSION
	REFERENCES

